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TURBULENT BOUNDARY LAYER ON THE ROTATING END OF A SWIRL CHAMBER

E. P. Volchkov, S. V. Semenov, UDC 532.59.001.572
and V. I. Terekhov

Aerodynamics and heat transfer in the neighborhood of a rotating disk have been studied
by many investigators. A survey of such works can be found in [1], for example. Most of
these studies examined the cases of rotation of a disk located in a free volume or exposed
to an axial flow [1-3], aswell as the interaction of a twisted flow with a stationary surface
(a bibliography on this subject can be found in [4]).

Information on the interaction of a rotating disk with a twisted flow is limited to
[5, 6]1. The authors of [5] theoretically examined the turbulent boundary layer formed on
a disk rotating at an angular velocity Q and interacting with a gas flow which was itself
rotating as a solid. A theoretical and experimental study was made in [6] of the laminar
boundary layer on the rotating end wall of a swirl chamber. The angular velocity of the
end was fixed, while the gas rotated in accordance with the law governing a free vortex.

In actual swirl chambers with an outlet containing a diaphragm, the rotation of the
gas takes place in accordance with a. complex law. As a first approximation, the flow out-
side the outlet hole is assumed to be a potential flow in which the circulation T = vgr=
const, where v, is the circumferential component of velocity in the flow core. As was
shown in [4, 7], such a law of flow rotation is observed with a:change in the radius from
the lateral wall of the chamber R to r* (r* determines the radius value where all of the
gas enters into boundary layers on the end plates and travels through them into the region
of the outlet hole). The rotation of a gas in a swirl chamber or tube not provided with
a diaphragm occurs in accordance with the law of quasi-solid rotation at an angular velocity
w = v,/r = const.

Rotating end plates can be used in a number of vortex-type processing units to improve
their efficiency. In these cases, the circumferential velocity of the flow decreases with
approach toward the end wall. The velocity decreases not to zero, but to the linear velocity
of rotation of the end at the given point. This alleviates the imbalance of centrifugal forces
in the end boundary layer and preserves the radial pressure gradient in it, which leads
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to a reduction in the end radial flow and displacement of the value of r* toward the axis
of the chamber.

1. Integral Momentum Relation for an End Boundary Layer. Friction Law. Here, within
the framework of boundary-layer theory, we will examine a turbulent boundary layer on the
flat rotating end of a swirl chamber. The gas above the surface rotates according to the
law

vy = ve(r/R)y™™ (1.1)
(ve is the circumferential velocity at the side wall of the chamber). We have quasi-solid ro- -
tation of the gas at m = —1, while at m = 1 the situation corresponds to a potential law

of rotation. The presence of the cylindrical side wall undoubtedly has an effect on the
aerodynamics of the end layer and the chamber as a whole. However, it is assumed that:
this occurs in a narrow region near the wall, and this zone is not examined here.

In the study of turbulent rotating boundary layers in swirl chambers with a stationary
end, the profile of circumferential velocity is described by the exponential relation v,/
vo = (z/8,)8, n = 1/7. It has been suggested [1, 2] that the profile near a disk rotating
in a stationary volume be described by the relation v,/Qr = 1 — (2/8,)". Here, &,
and 6, are the thicknesses of the corresponding boundary layers. Assuming that the boundary
layer formed with the joint rotation of the flow and disk has a thickness § identical with
8§, and §,, we find the profile of circumferential velocity in the form

v =, v, = vk Qr(l — &) (€ = 2/6). (1.2)

Introducing the dimensionless circumferential velocity in the coordinate system connected
with the disk v = (v — Qr)/(v, — Qr), in accordance with (1.2) we obtain

v =g (1.3)

To approximate the radial component of velocity, we will use the approach proposed
in [7]. The boundary layer is subdivided into two zones — the wall part 0 < z < &, governed
by the laws which govern boundary turbulence; the jet zone dp < z < §, where jet mixing pro-
cesses predominate (8, (Fig. la) corresponds to the maximum of radial velocity in the boundary
layer). The profiles of radial velocity in these zones can be respectively described by
an exponential relation and the Schlichting formula

w = ulu, = (8/8) for 0 <<z << 6y, (1.4)
(u — ug) (tm — up) = [1 — (2,/0,)%2]2 for 6, < z< 8,

where u, is the radial velocity in the flow core; u, is the maximum value of radial velocity;
z; =z = 8p3 by =6 — §,

Figure la schematically depicts diagrams of the circumferential and radial components
of gas velocity in the end boundary layer in the case where a forced vortex exists above
the: layer. Here, we introduce the parameter of the end twist S = QR/v., characterizing the
ratio of the linear circumferential velocity of the end to the circumferential velocity
of the flow at the side wall of the chamber. In Fig. la, S = Q/w > 1, and the end radial
flow is directed toward the periphery of the chamber. It is evident that the radial velocity
in the boundary layer changes direction at § < 1.

Figure 1b illustrates the flow pattern on an end rotating in a swirl chamber with
a diaphragm. However, this is not the only flow scheme possible. One of three patterns
will be formed (Fig. 2), depending on the speed of rotation of the end in the boundary layer:
1) at 0 < S € 1, the circumferential velocity of the end Qr is less than the circumferential
velocity of the flow v, over the entire radius of the chamber, and the radial gas flow in
the_boundary layer is directed toward the chamber axis; 2) with an increase in S from 1
to r7?, determined from the condition of equality of the circumferential velocities of the
end and the gas flow at the border of the outlet hole Qr; = v.(R/r;), the boundary layer has
two regions separated by the value of the radius rg (Fig. 1b). At r > rg, the gas located near
the end acquires a circumferential velocity greater than the velocity in the flow core and
is thrown to the periphery of the chamber. Conversely, in the internal region (r < rg), the
rotation of the gas in the boundary layer is_slowed and it moves toward the chamber axis;
3) more developed twisting of the end (S > ri2) leads to a situation whereby the end wall
rotates faster than the gas, and the latter will be thrown toward the end walls of the chamber
over its entire surface.
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Fig. 2

We will write the equations of motion and continuity for the end boundary layer in
a cylindrical coordinate system [1]:

2

a_u‘ _(Zlf v 1 ap 1611‘. 1.5;

u6r+wéz—7——T—7+?_zZ’ ( )
dv v uv 1 aT(p.

Lo gt = (1.6)

oploz = 0, du/dr - u/r 4 dw!/dz = 0. (1.7)

Here, T4z, and Ty: are components of the tensor of the shear stresses, equal to the sum of
the viscous and turbulent components; u, v, and w are the radial, tangential, and axial
components of velocity. Integrating (1.6) over the thickness of the end boundary layer
with the use of continuity equation (1.7), after some simple transformations we obtain an
integral equation to describe the conservation of angular momentum

dRel* —
f;e(p +Re$*{-l-— 20R —W[—L+ 1w
r

UO—Q;R r vO—Q;R (1.8)
% d ("o —QrR) T 2QR (oz)w Ut
= = Iy s e |
ar v, — QrR P (vo — QrB) u, v

Integration was done with the boundary conditions
2=0:u=w=0,v=20r T = (T

z=08 u=1u,=0, w=0, v = Up, Tz = 0.

Here, we examined the case when the radial component of velocity in the core of the
flow u, might be less than the circumferential velocity: u, << v,. In Eq. (1.8), we intro-
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)
duced the following notation: 6;*==j ﬁ(l_.ﬂ)dz is the momentum thickness; Re;*==um6**/v; w
8 0
==fﬁ§dy6;ﬂ r = r/R is the dimensionless radius. Taking (1.1) for the law of change in the
0

circumferential component of velocity outside the boundary layer and introducing the param-
eter S, we rewrite Eq. (1.8):

— =W —m)—s U —ml_ e Im? (1.9)

* *# =
d Re,, Re = 2L W —m i Um R
dr r Fm+1) ¢ 2 v

(€io/2 == (Tpz )/ [pUm(vy — QrR)] is the friction coefficient in the circumferential direction).

To solve Eq. (1.9), we need to know the change in uy over the radius of the end and
the connection between the friction coefficient c¢p/2 and the integral parameters of the
boundary layer. To find these relations, we will use the method in [4, 7]. The latter
provides good agreement with the experimental data for a stationary end.

To determine the dependence of up on the radius of the end, we write Eq. (1.5) with

z = 8y, having set (3145/82)z=5, > 0 in a first approximation:
2
. B S U ) (1.10)
ar r P oor

Here, vy, is the value of circumferential velocity determined from Egqs. (1.1) and (1.2) for
z = 8pt

Vm = e T "Em 4+ QrR (1 —E2). (1.11)
Assuming that vZ/r >> uydu,/dr in severely swirled flows and assuming that the flow is for

the most part inviscid with a profile of circumferential velocity which is constant along
z, we use (1.6) to write the following for z > §

2 b3
R S IV W N ) (1.12)
r

Equating the left sides of Egs. {1.10) and (1.12) and having inserted (1.1) and (1.11)
into them, with allowance for u, << v, we obtain the following after integration

2 ~ , .
(—’"> =2 [T g (8" — 1) ST+ (1.13)
C

We agree to consider motion of the radial component of velocity toward the chamber axis

to be the positive direction. The constant of integration C, in (1.13) is determined below
in an examination of specific cases of interaction of a flow and an end wall on the basis

of the corresponding boundary conditions.

In accordance with [7], we take g, = §,/8 = 0.15. The use of a constant value of
Em appreciably simplifies the calculations: it is no longer necessary to solve an integral
relation for the radial direction. The numerical values of the coefficients used in inte-
gral relation (1.9) and later calculations, determined through £p, are equal to [7]:
5
8o =05°/6 =0.0941, W =446, C— |adyst® =5.462,

[

(1.14)

We will examine flow in the coordinate system connected with the rotating end. We
will assume that the laws governing friction and the distribution of the shear-stress com-
ponents in this system correspond to the case of interaction of a vortical flow with a sta-
tionary end. Then, using the conclusion reached in [7], we write the expression for the
coefficient of friction in the circumferential direction

¢ T B . _ 1A te® o\ 378
e (Poz)w —“~%WWN?)M<+EQ>5

2 pum(vD—Q;R) o2 tg“a (1.15)

where B/2 = 0.0128. It is evident that the friction coefficient ¢te/2  is connected with
the parameter S through the angle of twist of the flow in the end boundary layer tan o =
f(r, 8). 1In accordance with (1.3) and (1.4), in the chosen coordinate system the angle
of twist 1in the wall part (0 < z < §;) is constant and is determined by the expression
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tg o = u/(v — Q1) = Enun/(v, — U1 R). (1.16)

The ratio of the radial and circumferential components of the shear stresses is also determined:
by Eq. (1.16) and changes as follows for a law of change of circumferential velocity over
the radius in the form (1.1):

\ Uy, g;l”
tg & = (Tr)u/(Toz)y = PR (1.17)

Thus, the resulting expressions for up (1.13), c¢/2 (1.15), and tan a (1.17) make it
possible to solve Egs. (1.9) for any degree of twist of the end S and with an arbitrarily
assigned law of gas rotation.

2. Solution of the Integral Relation for Quasi-Solid Rotation of the Flow. For a flow
rotating in accordance with the law for a solid (m = -1), Eq. (1.9) has the form

m

P
= T v "

dRe,* Re?(i—ZV‘V—%) s 'mf (2.1)
—r T =

ar r 1—8
We will restrict ourselves to examining a flow having an angular velocity which is less than
the velocity of the_disk (S > 1). A diagram of such a flow is shown in Fig. la. With the
boundary condition r = 0, uy = 0, we find the following from (1.13)

UmVe=—r1([8 —EY7(S — 1)]2 — 1]°*, (2.2)
Having inserted (2.2) into (1.7), we obtain the following for tan a
tga=—{[S &7 (S —O* —1}*/[& 1 — 9] (2.3)

Tt is evident from (2.3) that in the case of rotation of the gas above a rotating disk in
accordance with the solid law, tan o does not change over the radius. Having inserted the
resulting expression into Eq. (1.15) for the friction coefficient ¢/2, with allowance
for (2.2) we integrate Eq. (2.1) withthe boundary condition r = 0, Rey =0:

- H ,8
Rey” = (%) e s). (2.4)

Here, v, = wR; A(S) is a quantity which depends on the degree of twist S:

[1.25 L8 (1 4t a)tg® )8 {[S— 57 (S — ]2 — 1]0:5}0’8
l =
4(8) 24 1.25 (1 — 2W — 38)/(1 — ) I

The value of Bez*, together with the relation for the maximum of radial velocity uy,, makes it
possible to determine all of the geometric and flow-rate parameters of the boundary layer.
Thus, the volumetric rate of flow of the gas transported by the boundary layer in the radial
direction can be found from the expression
8
5 e [T AL
Qt=2nrj udz = 2nrC Reg, (—%—) ve R? (2.5)

0

(the coefficient C was obtained in (1.14)). In [5], the rate of flow through the boundary
layer Qi was expressed by the dimensionless complex q = Q4(Qr?/v)°-2/wr3q. Reducing Eg.
(2.5) to this form with the use of (2.4), we write q = 2CA(S)S™°-%.

In such notation, the rate of flow through the boundary layer is determined only by
the degree of twist of the end S. Figure 3 shows estimates obtained as a function of S
(curve 1). At S = 1, the gas and the disk rotate as one, and there is no boundary layer
on the disk (q = 0). 1In the other limiting case (1/S + 0), we have rotation of the disk
in a stationary volume and a maximum rate of flow through the boundary layer. Curve 2 shows
the results calculated in [5]. It is evident that the solutions are in agreement.

3. Solution: of the Integral Relation in the Interaction of a Rotating End with a Free
Vortex (m = 1). Fundamentally different flow patterns may develop in the boundary layer,
depending on the parameter S. First we will examine slight rotation of the end (0<CS <{1).
The boundary layer begins to form near the side wall of the chamber. Thus, in integrating
(1.13), we adopt the boundary condition uy = 0 for r = 1. Also assuming that u, << v, as a
result of integration we have
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Fig. 5
umfve={(1—8%" (™ — 1) + S48 (1 — &) InT— S(1—g¥7)* (1 —7)])>. (3.1)

With values of the end rotation parameter within the range 1 < S < r;2, formation
of the boundary layer begins not near the side wall, but at the periphery of the radius_
rs. This is determined from the condition Qrg = v, (Fig. 1b). The value of the radius rg =
$7°*% found from the given equality is the boundary condition in the solution of the equation
for the maximum of radial velocity (1.13) and the integral momentum relation, i.e., with
r= 89 u, =0, Rey' =0. Gas begins to flow from the periphery of this radius in opposite
directions, forming two boundary layers: at r < rgs the gas moves toward the chamber axis; at
r > rg, the gas moves toward the side wall of the chamber. We find from (1.13) that

umfve= £ [ [(1 — &)™ (772 = §) + S [48)7 (1 — &) In (75°%) —
— S (18 (s7 =59 0%
The sign in the right side of Eq. (3.2) is determined in accordance with the chosen positive
direction of up: at r < rg, up is positive; at r > ry, it is negative. Inserting (3.1) and

(3.2) into Eq. (1.17), we obtain the corresponding relations for tan a. This leaves one
unknown, Rey”, inintegral relation (1.9):

(3.2)

dRe;:* + Re:;* (1 — BS?) -3 g3/28 (Re**)_lm (1 + g oc) 3/8”1713 (3.3)
a7 \1—sP 2 = ¢ tg’ a v

The solution of Eq. (3.3) by the Runge—Kutta method on a computer gave us the characteristics
of the boundary layer: the momentum thickness 6;*, the flow rate Qt, the friction coeffi-
cient, etc.
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Figure 4 shows the change in the dimensionless momentum thickness over the radius of
the end r for different values of the end twist parameter S. It is evident that twisting
of the end reduces the thickness of the boundary layer. TFor S > 1, the boundary layer begins
to grow in both directions from the periphery of the corresponding radius rg. Meanwhile, the
thicknesses of these boundary layers are of the same order of magnitude.

Figure 5 shows the change in the complex QtRo Re’'? over the radius of the chamber.

Here, Qt = Qt/Q is the relative rate of flow of the gas through the end boundary layer;

Ro = Q/VCR2 is the Rossby number, characterizing the intensity of swirling of the gas at

the chamber inlet; Re; = VoR/V is the Reynolds number at the inlet. Straight line 1 char-
acterizes the case when all of the gas entering the chamber is concentrated in the boundary
layers, i.e., Qt = 0.5Q. The calculations were performed for Re. = 1.4:10% and Ro = 0.085.
Curve 2 is the result of calculation of the rate of flow through the end boundary layer

for a stationary end (S = 0). Lines 1 and 2 intersect at r = r* = 0.7. The experimental
points shown from [7] also correspond to flow in a chamber with a stationary end. It can

be seen that these results agree with the calculated results as well. Line 3 shows results
calculated for S = 1. 1In this case, the intersection with line 1 occurs at r* = 0.25. Thus,
through flow occurs over most of the chamber volume within a wide range of values. The bound-
ary layer in the case S = 1 transports roughly half as much fluid and becomes half as thick
(Fig. 4) as in the case of a stationary end.

Let us analyze the results of calculations for the range of values of the end rota-
tion parameter 1 < S £ r7?, which are shown in Fig. 5_by curves 4 and 5 for S = 2 and 6,
respectively. It is evident that in the region ¥ < rg, flow rate through the boundary layer
toward the chamber axis decreases with an increase in S. 1In the region r > rg, the fraction
of gas thrown toward the side wall increases. The thickness of the boundary layer behaves
in a similar manner (increasing for S = 2 and 6, Fig. 4). The gas driven toward the peri-
phery of the end should undoubtedly return to the main flow in the chamber. This will in
turn lead to an increase.in radial velocity u,. Gas begins to be recirculated between the
main flow and the boundary layer, with the fraction of recirculated gas increasing as S
increases.
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